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Introduction
1 Dictyostelium discoideum
tion of the Model

Dictyostelium discoideum

In 1933 Dr. Kenneth B. Raper  Dd is a eukaryotic, soil-living amoeba
discovered Dictyostelium that transitions from a collection of
discoideum (Dd). single cellular organisms into a
multicellular reproductive structure.

Figure: Strassmann/Queller lab -
https://www.sciencedaily.com/
releases,/2016,/04/160421100822.htm

Figure: Raper, Kenneth B., Lewellyn,
Stephen -

http://photoarchive.lib.uchicago.edu/ 3/66



Introduction

ostelium discoideum
on of the Model

Motility in Dd involves periodic extension and retraction of
pseudopodia with coordinated adhesion to propel cellular
movement in random directions.

e Sl

s My L o
Euglenoid - R T a{xa -
Flagelum Paramecilim Cilia Amoeba Pseudopdia

Figure: tigermovement, ©Cmassengale -
http://www.biologyjunction.com/protozoan notes bl.htm
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Introduction
1 Dictyostelium discoideum
Formulation of the Model
Definitions

Dictyostelium discoideum

For the past 8 years, Dr. John Dallon (BYU) has been
researching Dd, and has employed students in developing
computer simulations in order to better understand the
movement of a population of cells like Dd.

These simulations have produced interesting results. We would
like to better understand the elongation of the slug in silico.
5/66



Introduction

6/66



Introduction

Assumptions for the Model

@ The cell centers are all two dimensional, objects in the
plane, and all have the same drag coefficient.
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Assumptions for the Model

@ The cell centers are all two dimensional, objects in the
plane, and all have the same drag coefficient.

@ The c-sites are likewise two dimensional objects in the
plane and also all have the same drag coefficient (different
from the cell center drag coefficient). It is also supposed
that the c-sites are much smaller than the cells.

@ The spring constant for the springs that model the
pseudopodia are all the same.

@ The cells possess an strong inhibition to occupy the same
space.

@ There is no boundary to the plane on which the cell centers
reside.

@ The c-sites are constantly attached to the cells.
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Introduction

Notation

o Let x; = x;(¢), for real t > 0 and for i = 1,2,...,n, be
points in R? that denote the locations of the centers of n
cells at time ¢. The coordinates for the cell locations will be
designated by x; = (z;, yi).

8/66



Introduction
Dictyostelium discoideum
Fo tion of the Model
Definitions

Notation

o Let x; = x;(¢), for real t > 0 and for i = 1,2,...,n, be
points in R? that denote the locations of the centers of n
cells at time ¢. The coordinates for the cell locations will be
designated by x; = (z;, yi).

o Let ¢;jr = c;;k(t) be the point in R? that represents the
location of the center of the kth c-site that is attached to
both the ith and the jth cell centers (so, ¢; jr = ¢;jix). The
coordinates will be denoted ¢; ;i = (T4.k: Yi jk)-

8/66



Introduction
1 Dictyostelium discoideum
tion of the Model
Definitions

Notation

o Let x; = x;(¢), for real t > 0 and for i = 1,2,...,n, be
points in R? that denote the locations of the centers of n
cells at time ¢. The coordinates for the cell locations will be
designated by x; = (z;, yi).

o Let ¢;jr = c;;k(t) be the point in R? that represents the
location of the center of the kth c-site that is attached to
both the ith and the jth cell centers (so, ¢; jr = ¢;jix). The
coordinates will be denoted ¢; ;i = (T4.k: Yi jk)-

o Let n; j denote the number of c-sites connecting the ith and
the jth cell and let m denote the total number of c-sites, so

m=3_ ;M-

8/66



Introduction
1 Dictyostelium discoideum
tion of the Model
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Notation

o Let x; = x;(¢), for real t > 0 and for i = 1,2,...,n, be
points in R? that denote the locations of the centers of n
cells at time t. The coordinates for the cell locations will be
designated by x; = (z;, yi).

o Let ¢;jr = c;;k(t) be the point in R? that represents the
location of the center of the kth c-site that is attached to
both the ith and the jth cell centers (so, ¢; jr = ¢;jix). The
coordinates will be denoted ¢; ;i = (T4.k: Yi jk)-

o Let n; j denote the number of c-sites connecting the ith and
the jth cell and let m denote the total number of c-sites, so
me= ), M.

e The drag coefficients will be denoted ; € (0, 00) for the ith
cell, v; ;. € (0,00) for the kth c-site between the ith and
the jth cells.
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Notation

o The spring constant to the spring modeling the pseudopodia
for all the individual c-sites will be denoted by a € (0, c0).
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Introduction
1 Dictyostelium discoideum
tion of the Model
Definitions

Notation

o The spring constant to the spring modeling the pseudopodia
for all the individual c-sites will be denoted by a € (0, c0).

e Let f:[0,00) — [0,00] be a continuously differentiable
function, with f(0) = oo, and with support [0, ] for some
real number r > 0. This function will denote the magnitude
of the body force or the force that repels any two cells as
soon as their centers become too close to each other (i.e.
the distance between the centers of the cells is less than r)
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Introduction

Formulation of the Model

The model is derived from Newton’s second Law of motion.
The principal forces acting on the cell are
e the body force (which vanishes when the cell centers are
sufficiently far away from each other),
o the forces generated by the c-sites (linear forces), and
o the force of drag which in this environment is proportional
to the velocity of the cell, but in the direction opposite the
velocity.
So, in general, the equation (for a cell of mass m) of motion
associated with the cell-system is
n  MNij

mx; = Zf |Xz XJ”) —x; ” +ZZ C’L,jk ) ’71Xz

7=1 k=1
J#Z
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Introduction

Formulation of the Model

Writing an equations for each body, yields the following system:

n  MNij
’lei = Zf ||Xl XJH)’ — X, H +ZZO‘m%J Cijk — )
=1 k=1
. J#Z
Y2€ijk = (X —Cijk) +alx; — i)

(1)
where x; ranges over all the cells and where c; ; ranges over all
the c-sites.
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Introduction
11 Dictyostelium discoideum
1 ind Formulation of the Model
1 h lu h Definitions

A Cell System

Definition

A cell system is a connected bipartite graph,
together with some additional information
associated with elements of the graph. One
of the partite groups represents the c-sites,

the other, the cells. The c-site partite group \}) Jw
is bivalent and incident with no multi-edges.
The additional information coupled with the \_?

graph is as follows:

S — w———_— 12/66



Introduction

A Cell System

C1,21
Definition
A cell system is a connected bipartite graph,
together with some additional information
associated with elements of the graph. One
of the partite groups represents the c-sites,
the other, the cells. The c-site partite group
is bivalent and incident with no multi-edges.

The additional information coupled with the X4 C331
graph is as follows:
1. The location, on the plane, of each JM X5

vertex (x; € R? for vertices in the cell €452

partite and (c; j, € R? for vertices in
the c-site partite).

S — w———_— 12/66
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n

A Cell System

2. A positive value «; > 0 associated with each vertex in the

cell partite and ~; ;1 > 0 associated with each vertex in the
c-site partaite (the drag coefficient).

13/66



Introduction
n

A Cell System

2. A positive value «; > 0 associated with each vertex in the

cell partite and ~; ;1 > 0 associated with each vertex in the
c-site partaite (the drag coefficient).

3. A function a; j; : R* — R? associated with each edge
modeling the attractive force of the cell and the c-site
incident to that edge. The output of a; ;; is a scalar
multiple of the difference of the arguments being used
(according to I. Only two of the arguments are ever used at
a time).
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Introduction
n n n 11 Dictyostelium discoideum
11 S
1

A Cell System

2. A positive value «; > 0 associated with each vertex in the

cell partite and ~; ;1 > 0 associated with each vertex in the
c-site partaite (the drag coefficient).

3. A function a; j; : R* — R? associated with each edge
modeling the attractive force of the cell and the c-site
incident to that edge. The output of a; ;; is a scalar
multiple of the difference of the arguments being used
(according to I. Only two of the arguments are ever used at
a time).

4. A function f; ; : R* — R? associated with a pair of vertices
in the cell partite group which models the repulsive body
force of the cells in the pair.
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Introduction

stelium disc
ion of t

A Cell System

a; 11 (Xi, Cija) a;j12(%5,Cij1)

ﬂ],,,,k.z(xm C;,_;.k) Aji k1 (X]u, Ci,/‘.k)
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Introduction
n

Cell System Model

A cell system model is an initial value problem (IVP) associated
with a cell system formulated this way

n n  MNij
yiki = ) Fii(Xi %) — D> ik (X, Cijk)
p= j=1 k=1 (2

YijkCigik = gkt (Xis Cigik) + @i j.k,2(X5, € k)

Let © = (X1,...,Xn,--,Cijk,-..) € R¥T2™ this is the state
variable of the system. Then let f : R?"+2m — R2n+2m gych
that system (2) may be written as & = f(x). Here f is said to
be a cell system model force function. The initial condition will
be the state =¥ (value of the state variable) of the cell system at
some initial time tg.
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Introduction

Cell System Model

So, the cell system model is simply the TVP

{izf@%

x(tg) = x”.
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Introduction

More Cell Systems

Definition

A cell system (cell system model) is said to be simple if each
pair of cell centers have at most one c-site connecting them,
that is n; ; < 1 for all pairs ¢,5 = 1,2,...,n.

Definition

A Hookean cell system is a cell system in which each

ai,j,k,l(xia Ci,j,k) = O‘i,g}k(xi - Ci,j,k)

@i jk,2(X55 Cijik) = k(X5 — Cijk)

this we refer to as the Hookean condition.
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Introduction
n 11 Dictyostelium discoideum
tion of the Model

1 ) n Th Definitions

Hookean Cell System, Type 1 and Type 2

Definition

It will be said to be of type 1 if
@ cach y; = for i =1,2,...,n and each v; ;1 = 2 for each
c-site,
@ each ‘ ‘
fii(xi, x5) = f(llxi = x5[) 7 ——+

for each 4,5 =1,2,...,n (fi; = 0) for some
f:]0,00) — [0, 00] with the following properties:
@ f(0) = oo,
© for some r > 0, f has support [0, 7],
@ fis C!, convex, and decreasing on (0, 1),

(In this case f will be referred to as the generating function)

@ cach ;= am, ;.
18/66




Introduction

Hookean Cell System, Type 1 and Type 2

It will be said to be of type 2 if
Q ecach v, =7, fori=1,2,...,n and

@ cach §;; is as in the definition of a Hookean cell system of
type 1.
Note that all Hookean cell system of type 1 are also type 2.
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Introduction

Hookean Cell System Models, Type 1 and Type 2

A Hookean cell system model is a cell system model associated
with a Hookean cell system. And Hookean cell system models of
type 1 and 2 are similarly defined according to the Hookean cell
systems with which the model is associated.

For convenience a Hookean cell system and its corresponding
model will be denoted by the fraktur character §, and when it is
important to vary the initial conditions without changing the
underlying differential equation, we will specify the initial
conditions by writing (¢, 2").
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u
Existence and Uniqueness of solutions to Hookean Cell Centel of Drag
1 1 ind
1

Center of Drag

Definition

In a cell system with & = (X1,...,Xp,...,Cijk,...) € RZTM
the center of drag of the cell system is defined to be the point

N5

Z%X’ + Z Z%J kCi,j,k

1<j k=1
Xcod = g

Z% 2D e

1<j k=1

Given a Hookean cell system of type 2, the center of drag is
conserved throughout the entire evolution of that system.
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Existence and Uniqueness of solutions to Hookean Cell

1 1 Some Importa

1 ence and

Bound on Solutions

Proposition

If 2(t) is a solution to a Hookean cell system model $), then
there exist an L > 0 which depends on x° such that

l2(t)]| < L

for all t.
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Existence and Uniqueness of solutions to Hookean Cell Center of Drag
me Important Sets
e and Uniquene

S

Let

0, = {a:: (x1,X2,...,X,) € R?":

|xi — x| # 0}
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ence and Uniqueness

S

Let

On = {@ = (x1,%2,...,3xn) € R : ||x; — ;]| # 0}

The set ©,, is open as well as connected.
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Existence and Uniqueness of solutions to Hookean Cell Center of Dra
ome Impo

E

S

Let

On = {@ = (x1,%2,...,3xn) € R : ||x; — ;]| # 0}

The set ©,, is open as well as connected.

The set O, is an invariant set of the ordinary differential
equation in any Hookean cell system.
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ss of solutions to Hookean Cell | Center of D
Some Impor

and Unique

For € > 0 let

On,c = {a: = (x1,X2,...,Xp) € R*" : ||x — x| > 60}
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Existence and Uniqueness of solutions to Hookean Cell Center of Dra
ome Impo

E

@’71,6

For € > 0 let

On,c = {w = (x1,X2,...,Xp) € R*" : ||x — x| > 60}

The set Oy, ¢ is open as well as connected.

Given the a Hookean cell system model, §), there exists an € > 0
for which if there is a solution to $) it will remain in O, X R?™,
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Existence and Uniqueness of solutions to Hookean Cell = Center of Drag
wnd S Important Sets
nce and Uniqueness

Lipshitz

For any € > 0 and Hookean cell system model of type 1 5, the
force function f of $ is Lipshitz on any open ball contained in

S -

Notice, the fact that f is Lipshitz on any open ball in any ©,,
does not depend on the initial condition x°. However, there
exists a bound on || f ()], and this bound does depend on the
initial condition of $.
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Existence and Uniqueness of solutions to Hookean Cell Center of Drag
) 1 Ils and Sor Sets
1 h lu h Existence and Uniqueness

Lipshitz

For any € > 0 and Hookean cell system model of type 1 5, the
force function f of $ is Lipshitz on any open ball contained in

S -

Notice, the fact that f is Lipshitz on any open ball in any ©,,
does not depend on the initial condition x°. However, there
exists a bound on || f ()], and this bound does depend on the
initial condition of $.

Given the a Hookean cell system model, 9, there exists an
N > 0 such that N > ||f(z)| for all z € O, x R*™ and
x| < L (where L is given as a bound on a solution x(t) of $ by
a previous proposition,).
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Existence and Uniqueness of solutions to Hookean Cell

Existence and Uniqueness

Theorem (Local Existence and Uniqueness for Hookean Cell
System Models of Type 2)

For any Hookean cell system model of type 2 ), there exists a
d > 0 such that $ has a unique solution x(t) on [to,to + J].

26 /66



Existence and Uniqueness of solutions to Hookean Cell g
ind e Importa Sets
tence and Uniqueness

Existence and Uniqueness

Theorem (Local Existence and Uniqueness for Hookean Cell
System Models of Type 2)

For any Hookean cell system model of type 2 ), there exists a
d > 0 such that $ has a unique solution x(t) on [to,to + J].

Theorem (Global Existence and Uniqueness for Hookean Cell

System Models of Type 2)

Given Hookean cell system model of Type 2 §) there exist a
unique solution on [0, 00).
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Hookean Cell Systems of Two Cells and One c-Site R eyond th
‘ Within th

Hookean Cell Systems of Two Cells and One c-Site

Let $ be the Hookean Cell Systems of Two Cells and One c-Site
given by

ki = (1 — %) P22+ afe - xi)
nx2 = f(llx1 —x2l]) ||§f:§;|| + a(c —x2)
12€ = a(x; —c¢) + a(xz2 — c)

x1(0) = (0,0), x2(0) = (1,0), and  ¢(0) = (zc(0), y(0))-

Y

1

X9 x
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Hookean Cell Systems of Two Cells and One c-Site e 1: beyond the Support o
>0

e 2: Within the Su

Two Regimes

It is useful to consider the problem in two cases:

Regime 1.

Regime 2.

lx2 — x1]| > 7 (recall r is the smallest value for which
f(r) = 0). Here the system a linear system in which
elementary methods may be used to obtain an explicit
solution, which will have to agree with  as far as the
cell centers are sufficiently far apart. This case will be
described as § being “beyond the support of f.”

|x2 — x1]| < 7. In this regime $) is referred to as being

“within the support of f.” Here, 9 is possibly
non-linear, so the analysis of it will be much different

from the analysis of
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Hookean Cell Systems of Two Cells and One c-Site F e 1: beyond the Support of f
Regime 2: Within the Support of f

Regime 1: beyond the Support of f

In this regime 9 may be written with out the body force terms,

seen here
1x1 = afc—x)
y1xy = afc — Xg)
Y€ = a(x; —c)+a(xz—c)
x1 = (0,0),x2 = (1,0), ¢ = (2(0), %c(0))

where [ > r. We solved this by nondimensionalizing the system
and then using elementary differential equations techniques.
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Hookean Cell Systems of Two Cells and One c-Site rle 1: beyond the Support of f
Regime 2: Within the Support of f

The Solution

410(0)72 tin ie—at/’h _ 22¢(0)y2 — b2 e—a(wf1+272_1)t
271 + 72 2 2(2v1 +72)
yi(t) = ye(0)y2 ye(0)y2 G,Q(W;1+2W;1>t

xl(t) =

2y1+7v2 27 + 72
oty = T2t Lo—aeyyy _ 20e(092 =12 —a(r ey e
271 + 72 2 2(2v1 + 72)
ez 4e(0)r2 _a(yytrayg e
2vi+72 271+ 72
(1) = ze(0)y2 +1y1 | 22:(0)y1 — Im ema(i 29y e
271 + 2 291 + 72
ve(t) = 2072 20eOm —a( oy e
2vi+y2 2mit+ 72

ya(t) =

This then provides the exact values of x, at least until « leaves
the set 6o, X R2.
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Set Up
Hookean Cell Systems of Two Cells and One c-Site ne 1: beyond the Support of f
2: Within the Support of f

Analysis of the Solution

Observation 1

First of all note that y; and ys are identical! Proving that in the
linear case (outside of the support of f) no rotation occurs
between the two cells.
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1 Set Up
Hookean Cell Systems of Two Cells and One c-Site ne 1: beyond the Support of f
Regime 2: Within the Support of f

Analysis of the Solution

Observation 1

First of all note that y; and ys are identical! Proving that in the
linear case (outside of the support of f) no rotation occurs
between the two cells.

Observation 2

The path that c travels is a line.

Indeed, using the equations above we may relate y. and z. in
the following way:

2y.(0)(2 22:(0)y.(0)v2 — y.(0)!
. = I, Ye(0) (271 +72) +( ye(0)y2 — 2c(0)yc(0)y2 — ye(0)in
2x.(0) — 1 2x.(0) — 1
And so the c-site travels in a straight line to it’s equilibrium

position. 31/66



n n lu Set Up
Hookean Cell Systems of Two Cells and One c-Site me 1: beyond the Support of f

1 me 2: Within the Support of f

Analysis of the Solution

Observation 1

First of all note that y; and yy are identical! Proving that in the
linear case (outside of the support of f) no rotation occurs
between the two cells.

The path that c travels is a line.

Observation 3

1 () = x2(8)|| = le~ /™
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I n n lu Il Set Up
Hookean Cell Systems of Two Cells and One c-Site me 1: beyond the Support of f

1 2: Within the Support of f

Analysis of the Solution

Observation 1

First of all note that y; and yy are identical! Proving that in the
linear case (outside of the support of f) no rotation occurs
between the two cells.

The path that c travels is a line.

Observation 3

1 () = x2(8)|| = le~ /™

We may determine precisely where the cells will be as soon as
the body force becomes nonzero.
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Hookean Cell Systems of Two Cells and One c-Site F gime 1: beyond the Support of f
Reg 2: Within the Support of f

Regime 2: Within the Support of f

We analyze this nonlinear system in two steps.

1 The set of equilibria for the system is identified and studied
and the stability of the equilibria is explored. In this
discussion of the equilibria initial conditions have no
bearing, so rather then talking in terms of 5:3, it is discussed
in terms of f, the force function of 9.

2 The second step includes a method for finding explicit
solutions is discussed by proposing guesses based on our
analysis of the system in regime one. The existence and
uniqueness theorem then establishes the guesses as the
unique solution to 9.
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Set U
Hookean Cell Systems of Two Cells and One c-Site 3 1: beyond the Support of f
Regime 2: Within the Support of f

The Equilibria of & = f(x)

To solve for the equilibria (if any) of the nonlinear system set
the derivative terms equal to 0. So, that

0= f(z)

or
0 =f(lx1 = xel) =2+ ale —x1)
0 =f(lhx1 — el j"“ +alc — x2)

||
0 =a(x; —¢) + a(xz2 — c).
The last equation will only be satisfied if

X1 + X2
5
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Hookean Cell Systems of Two Cells and One c-Site R 1: beyond the Support of f
Regime 2: Within the Support of f

The Equilibria of & = f(x)

Substituting this for c into the first and second equations
reduces the system to

X1 — X X9 — X
0 =7(x1 - xof)-2 2+a<2 ﬁ

|1 — x| 2

X9 — X X1 —X
0 =/(|x1 — xal)) Sota

[[x1 — x| 2

or more simply

_(fUx=xl) ey
0_<Hm—xﬂ 2>(1 ?
_ (LU —xef) ey
0_<Hm—xﬂ 2>(2 U
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Hookean Cell Systems of Two Cells and One c-Site F gime 1: beyond the Support of f
Regime 2: Within the Support of f

The Equilibria of & = f(x)

And so,

fIx1 = x2])

«@
——=0, or 2f(Ax) = aAx,
CE faz)

if Az = ||x; — x2]|. So, we become interested in the fixed
point(s) of 2 f. It can be shown that 2 f has a unique fixed
point; let rg be that point. We then arrive to both necessary and
sufficient conditions for the critical points of our system and the
critical points of this system are all the points & € RS such that

(1) c= ¥ and
2)  lxa = xafl = ro.
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Hookean Cell Systems of Two Cells and One c-Site F gime 1: beyond the Support of f
Regime 2: Within the Support of f

The Equilibria of & = f(x)

Let ¢(f) denote the set of equilibria of & = f(x). It can be

shown
U Lo (2" + W) = c(F),
0eR
where
1 0\ ) 0
0 1 0
. 1 O 0 __ ro
W = span o l°1] 1 , and x = 0
1 0 2
L\ O 1)) 0
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Hookean Cell Systems of Two Cells and One c-Site F gime 1: beyond the Support of f
Regime 2: Within the Support of f

The Equilibria of & = f(x)

c(f) is a smooth submanifold of R?"+2m

The above formulation of ¢(f) recommends that it may be the
image of a functions and in fact it is G : R3 — ¢(f) C R® by

Lcosl + 2+ xq
7 sinf + y,
Dcos(f+m)+ 2+,
2 sin(f +7) + ya ’
T+ 3
Ya

G($a> Ya, 6) =

Notice G is smooth and its first partials exists.
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Hookean Cell Systems of Two Cells and One c-Site Re 8 ond the Support of f
Reglme 2: V\1thm the Support of f

The Equilibria of & = f(x)

These partials taken at some point (x4, y4,6) provide a basis for
the tangent space at G (x4, yq, ). This basis is developed below:

1 0 — "0 5in 6
0 1 3 cos 0
|1 10 | —%sin(0 + )
o = o |’ G = 1|’ and G = 2 cos(f + )
1 0 0
0 1 0
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Hookean Cell Systems of Two Cells and One c-Site F gime 1: beyond the Support of f
Regime 2: Within the Support of f

The Equilibria of & = f(x)

Simplifying Gy the basis of the tangent space of ¢(f) at some
point (x4, Ya,0) is

(/1 0 tan 6
0 1 —1
1 0 —tan6
0 ’ 1 ’ 1
1 0 0

L\ O 1 0
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Hookean Cell Systems of Two Cells and One c-Site Re 8 ond the Support of f
Reglme 2: V\1thm the Support of f

The Stability of the equilibria

In order to study the stability of these equilibria it will be useful
to simplify f by defining a function g : R* — R as

X1 — X
9($1>y1,$2,y2) = 9(X1,X2) = M
Y1l%1 — x2|
This way,
(Q(thz) - %) X1 —g(x1,X2)%x2 +2c
f(x) = —g(x1,X2)x1 + (g(xl,xQ) — %) X9 —1—3(:
X1 +2%o —%c
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Hookean Cell Systems of Two Cells and One c-Site 1: beyond the Support of f
Regime 2: Within the Support of f

The Stability of the equilibria

To analysis the stability of a fixed point & define the point
yeRbyy=ax . So,x =y + & and & = f(x) becomes
y = f (y+ &). Using a Taylor expansion provides

y = f(&) +DE(@)y + O (|yl*)
=Df(z)y + O (|ly]?).
So, it is sufficient to determine the dynamics of y close to 0. For

this we look at the linear part, Df(Z)y. Before taking the
derivative of f at & it may be helpful to express f(x) like this:

- o — o
(9 71)11 gxa + 31 e
— o — o
g Wl)yl gy2 + Ve

— PR e
f(aj) = gz1+(g 71)12+71IC
_ _a o
gy1 + (g 1 y2+71yc
a o) 2a
T2 T 5y %2 T 5, Te
20

b &
7o Y1 + 33 Y2 T 55 Ve
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Hookean Cell Systems of Two Cells and One c-Site Re beyond the Support of f
2: W 1thm the Support of f

The Stability of the equilibria

So, then Df (&) may be expressed as

(Az)?2 AzAy —(Ax)? —AzAy
AzAy (Ay)* —AzAy —(Ay)?
fllro) =5 | (Az)? AzAy —(Az)? —AzAy

O O O o oo
O OO o oo

mr AzAy (Ay)* —AzAy —(Ay)?
0 0 0 0

0 0 0 0

-1 0 -1 0 2 0

0 -1 0 -1 0 2

R B U 0
2 971 N 2’1 N 0’71 °
0 22 0 28 0 42

where Ax = Z1 — Z9 and Ay = §1.— Yo
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Hookean Cell Systems of Two Cells and One c-Site 1: beyond the Support of f
Regime 2: Within the Support of f

The Stability of the equilibria

The eigenvalues of Df (&) are

1 2 1 2 1 (g
0,0,0,—Oé <,771+ ,772) , —Q& (H—i_%) ey (f (TO) - %)
The eigenvectors of the zero eigenvalues are:

0\ (1 =

1 0 -1

O 1 _Yyi—y2
1 —x

E E and 11 2

0 1 0

1 0 0

It should be noted that because  from the parameterization of
c(f) by G was defined to be the angle from the positive z-axis

the solution was rotated counterclockwise, £1=22 = tan .
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Hookean Cell Systems of Two Cells and One c-Site e 1: beyond the Support of f
Re, 2: Within the Support of f

The Stability of the equilibria

So, both the center manifold and the set of equilibria of
& = f(x) are one and the same. Since all of the nonzero
eigenvalues of Df(&) are negative, there is no unstable manifold.
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Hookean Cell Systems of Two Cells and One c-Site : beyond the §
: Within the S

The solution to 5:)

The system £ is given below, where [ > 0 and y.(0) > 0

mx =[x = %ol pa=dy + ale —x1)
i = f(lx1 2] Ry + afe — x2)
Y2€ = a(x1 —c¢)+ a(xz —¢)

Xl(o) = (070)a X2(0> = (Z,O), and C(O) = (xc(o)’yc(o))'

By Theorem 20 there exists a unique solution to $ on [0, 00). let
Z(t) = (21(8), g1 (t), T2(t), 92(t), Zc(t), Ge(t)) be that solution.
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e >
Hookean Cell Systems of Two Cells and One c-Site 3 1: beyond the Support of f
Regime 2: Within the Support of f

The solution to 5:)

let g(21, 22,91, 42) = f([[x1 —x2[|)/[lx1 — 2| Expand (46) by
writing the equation for each component of the vectors x;, xa,
and c. This produces an equivalent system of six equations
together with initial conditions.

M1 = g(w1,22,y1,92)(v1 — T2) + alzc — 21)

Yy = g(x1, 22,91, y2) (Y1 — y2) + aye — y1)

nie = g(x1, 2,91, y2)(x2 — 1) + a(rc — 962)

Y2 = g(r1,22,y1,92) (Y2 — Y1) + a(ye — Y1)
ary — )

72j:c = a(xl - l'c)
Yole = a(y1 — ye) + aly2 — Ye).

1’1(0) = 0, y1(0) = 0, 1’2(0) = l, yQ(O) = 0,
2:(0) = ¢z, and y.(0) = ¢,.
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Hookean Cell Systems of Two Cells and One c-Site Re 8 ond the Support of f
Reglme 2: V\1thm the Support of f

The solution to 5:)

Now, we make a shrewd guess.

o yi1(t) = ya(t) = y(t)

mc(0)72 + l’Yl ) (3)

21(t) +v122(t) + Yo (t)2v1 + vo =
71 1() Ba! 2() 72 c()’h 72 271 + 2

As it turns out this is enough to simplify the system down to
actually computing a solution.
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e o
Hookean Cell Systems of Two Cells and One c-Site R 1: beyond the Support of f
Regime 2: Within the Support of f

The solution to 5:)

e x1(t) satisfies the differential equation:

YL =—f (2901 -1 - 2722¢(0) — by2 (1 - e*u(’YflﬂL?’Y;l)t))

271 + 72
+a (xc(om iy 2reOM =N oy g e m)
291 + 72 271 + 72

with z1(0) = 0.
2 =1 — 21 + 2 (2:(0) — z(t)).

!
o yi(t) = Ye(0)y2 _ Ye(0)72 e_a(7;1+2~/2—1)t
2n+7 27t
Q(t) _ yC(O)VQ . yC<O)72 e—a('yl_1+2'yz_1)t
2vn+7 2t
To(t) = 2:(0)y2 + I n 22.(0)y1 — It o=l 4295 )t
271 + 72 271+ 72
o(t) = Ye(0)y2 2y:(0)71 e_a(,yl—1+272—1)t
2vi+72 2m -+ 1o 6

(]
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Several c-Sites, The c-Site reduction Theorems

C-site Reduction Theorem for Two Cells

In order to state the theorem more concisely we define a specific
projection transformation: let P, ,,, : R?"2m — R2" be defined
for © = (x1,X2,...,Xn,C1,C2,...,Cp) L € RZVH2M 5

Ppm(x) = (x1,%2,. .. ,Xn)T.
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n n n lu ) n 11 C-site Reduction Theorem for Two Cells
1 I 1 \ ind

o equ e
‘\Pwenal c-Sites, The c-Site ledmhon Theorems General n Theorem

C-site Reduction Theorem for Two Cells

Theorem (c-Site Reduction Theorem)

Let 9 be a Hookean cell system model of type 1 with two cells
and m c-sites, £° € ©,, x R?™, and x(t) be the solution to
9(0,x%), Then there exist a Hookean cell system model of type
2, 8, with two cells and one c-site, such that if y(t) is a
solution to §/,

Pym(z(t)) = Por(y(t))  for all t € [0,00).

Furthermore, the drag coefficient of the c-site is mys, the
pseudopodia spring constants are ma and the location of the

center of the c-site is c(t) = L Z ci(t)

ion Theorem for Two Ce
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C-site Reduction Theorem for Two Cells

Several c-Sites, The c-Site reduction Theorems

C-site Reduction Theorem for Two Cells

49

Yi y2

4
1
C:Z E C;
i=1
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Several c-Sites, The c-Site reduction Theorems

Consequences of C-site Reduction Theorem for Two Cells

m
nx1 = f(l|x1 — X?” \m x2|| Za

m
yxe = fllxi —x2|) f22t + ) ale

[[x1—x2]
=1
’)/2(':1 = a(xl — Cl) + Ot(Xg — Cl)
Y2Cm = (X1 — Cp) + (X2 — Cpy)

2(0) = ((0,0), (1,0), ¢1(0), c2(0), . .., c(0))T = °
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C-site Reduction Theorem for Two Cells
) R

Several c-Sites, The c-Site reduction Theorems General C-site Reduction Theorem

Consequences of C-site Reduction Theorem for Two Cells

c; (t) =

V1X1 =

Y1X2 =

Y2C1 =

’72ém =

J(lx1 —x2|)) HX1 X2||

Z
Flllx1 = xall) 22220+ 5 ae

«
llx1—x2]|

=1
a(x1 —c1) + a(xz —c1)

a(X] — Cp) + a(x2 — ¢p)

[ 2(0) = ((0,0), (1,0),¢1(0), c2(0), . .., €, (0))T = x°

(

Tcj (0) — #

- e, l ) m (e ima
. % _ 1 71 . Y2 Y1
> x“(o)) e M+ e 27 T mimag 2 Z lx‘”(o) ¢
=

i=1
_o @y mn —(2&X4+m>
<ycj<0> mzymw)) 7 +<7m<m3§#mzyci<o>)e (e )
i=1
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General C-site Reduction Theorem

Theorem (General c-Site Reduction Theorem)

Let 9 be a Hookean cell system model of type 1 with n cells and
m c-sites, ° € O, x R>™, and x(t) be the solution to $(0,x°),
Then there exist a Hookean cell system model of type 2, ', with
n cells and m' =", _.m;; c-site, such that if y(t) is a solution
to §,

1<j

Bom(@(t)) = P (y(t))  for all t € [0, 00).

In the cell system which generates $), each of the m' c-sites
connects a unique pair of cells x; and x;, these will be referred
to as c; ;. The drag coefficient ~y; j of c; j is n; jy2, the
pseudopodia spring constants are oy j = n; o and the location of

the center of the c-site is c; j(t) = % w2 ¢ ().
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sorem for
Several c-Sites, The c-Site reduction Theorems

General C-site Reduction Theorem

: T — T '
NET; = Zf(”mj - mi”)% + < a(cjr — ;)

YoCijk = (Ti— Cijr) + (T — Cijr)
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Several c-S , The c-Site reduction Theorems

General C-site Reduction Theorem

X9

7,2 = 272

Q12 = 2a

C1

X3

NEj —Zf ([ — 5'31”)” x| +Za”13 (cij — ;)
(2

72”%3011 —O‘”w( —cij) +anj(z J_Ci,j)
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System of n Cells
at equilibria

Conclusion and Future Work

Conclusion and Future Work

Some questions of interest to us are:

@ What are the equilibria of a Hookean cell system of n cells?
© What is the behavior of the system at that equilibria?

@ What is the next step in modifying the model to make it a
closer approximation of the motion of a slug?

@ How can stochastics be introduced to such a frame work?
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Cell S\ stem of n Cells
that equilibria

Conclusion and Future Work

Reformulation of the Model

n

: S, —sz)
VX5 = Z )+ Zoz (ci, j
T ||XzfX]|| i i.j(Cij — X))
'Yi,jéi,j = OAZ’J‘(XZ' + Xj — QCZJ).

(4)
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Cell S\ stem of n Cells
that equilibria

Conclusion and Future Work

Reformulation of the Model

) fllx; —x
1% = z Tbe —xil) o, +za”cw x,)
(B Xgll
'Yi,jéi,j = OAZJ (Xz + Xj — QCZJ).
(4)
As usual we let

:1::(xl,...,xn,...,civj,...)T

58 /66



The Equilibria of a Hookean Cell System of n Cells
Th /i of th that equilibria
in this fr

Conclusion and Future Work

Reformulation of the Model

To find the critical values of this system we shall set each left hand side to zero.
Now for each c-site equation for which m; ; # 0 we may solve for c; ; achieving

T; +x;
—

Cij =

Substituting these into the cell equations for any 7 and j such that m; ; # 0 we get

T
-

FlIxi —xall) (i) + S o (wz - acj)

= ==Xl i=1 2
n

_ Z (f(”xz x5l) mwaw) (x; — x:)
2\ T = 2

let
fllxi —x511)  maijas;

lIxi — ;i 2

Bi,j =

and define 38; ; = 0. Notice, 8; j = Bj-
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The Equil
The behavi

Co ion and Future Work

Reformulation of the Model

So, our equations become for any j =1,2,...,n
n
0= Bij(x; —zi)
i=1

n n
D Biimi — D i
i=1 i=1

n
—Brgx = Bajws = = Bi @1+ Y Big®i = B, @41 — o~ B jdn
i=1
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The Equi a of a Hookean Cell System of n Cells
The bel 0 > § at equilibria

Con n and Future Work

Reformulation of the Model

this gives us the system

*Zﬁi,lwl + B2,172 + 83,123 + ... + Bn,1%n
0= B1,21 — Zﬁi,zwz + B3, 123 + ...+ Bn,2Tn
= n
0= B1,3%1 +  Basmz  — Y Bizmz + ... +  Bogme
n
0= B1,nx1 + B2,nx2 + B3,nx3 + ... = Zﬁi,nmn
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Cell System of n Cells
that equilibria

Conclusion and Future Work

Reformulation of the Model

which may be written in matrix form if
n
=3 B B Bsx ... Br,1
i=1
n
Bz =Y B2 Bs1 ... B2
i=1

n
B3 Pag =D Biz .- B3
i=1

/Bl,n ﬂ?,n 53,71 oo - Z 51',71

i=1
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The Equilibria of a Hookean Cell System of n Cells
The behavi of th that equilibria
Stoct in this fr <

Conclusion and Future Work

Reformulation of the Model

(that is a capital beta) and
X1
Ty, = : c R*"
Xn

as
0 = Bx,
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The Equilibria of a Hookean Cell System of n Cells
The behavior n at that equilibria
Stochastics in this fra ork

Conclusion and Future Work

The behavior of the system at that equilibria

To study the stability of the equilibria we have shown by an
example that center manifold theory may be employed and that
the set of all equilibria itself formed the center manifold. This
find was facilitated by the fact that the set of all equilibria could
be defined explicitly. It would be interesting to see if such is the
case in systems with a greater number of cells.

Another approach may be to suppose that a point is an
equilibria and compute the derivative matrix at that point to
determine the tangent space of the center manifold (assume
there is one, which is likely because there is sure to be a
continuum of equilibria). This may then give information of the
set of equilibira.
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The Equilibria of

The behavior of t

Stochastics in thi
Conclusion and Future Work

The next step in modifying the model to make it a closer

approximation of the motion of a slug

After a firm understand of how these cell systems behave in a
deterministic scene the next step would be to include random
switching times that govern the attachment and detachment of
the c-sites from the cells.
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Conclusion and Future Work

Stochastics in this frame work

Let (Q,H,P) be a probability space. And let ¥ be a Bernoulli
random variable. The state of a c-site describes whether or not
it is “attached” or “detached.” A c-site is said to be attached if it
is connected to two cells and detached if otherwise. In the model
the random variable 1 determines the state of the c-site. If

1) = 1 the c-site is attached to both of the cells if ) = 0 the
c-site is detached.

n n MNij
yiki = > (X %5) = D > Wik @k (X, Cijik)
J=1 j=1k=1
VijkYigkCigk = Vijk105k1(Xi, Cijk) + Vijk20i5k2(X55 Cijik)

(5)
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