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Power spectrum: “power” or “energy” as function of frequency

Vislble speetrum

Applications
» Prediction

> Data driven model reduction




Motivation

Kuramoto-Sivishinsky (KS) equation
* spatiotemporal chaos

Up + Uy + Ugz + Upgpze = 0
te[0,00), zel0,L]

o0
ulw,t) = Yy ve(t)e™
k=—oc
. iq
O = (G — @ik — > UjUk—j
j=—o00
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qr = f

+ Our work requires accurate spectral £

estimates
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What is power spectrum?
Terminology and Definition
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Given a discrete-time stochastic process (assume all necessary mom

X = ("'aX—QaX—lsXOaXl:XQa"')

We have
Hn = ]EXn

CX(n’m) = ]E(Xn - nU“n)(Xm - Ju'm)*

X is wide-sense stationary (WSS) if
o = [ (constant)

Cx(n,m)=Cx(n—m)

(depends only on lag)

Assume X isWSS and u =0 (WLOG)




What is power spectrum?
Some intuition
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Some signals and systems theory AL, | Frogmmin Apgled

Note: S.(w) =02

P

Se(w) = Sax(w) = |A(w)|*Sx(w),

—ikew

Alw) = f=0 are



Covariance Estimation AL, | Frogmmin Apgled

.| Mathematics

Givenx= (xh, n=1,...,N) (a realization of (Xn, n =1
Unbiased Covariance Estimate:

Rx(n) = BI(X, — 1)(Xo — )'] = 1 Z (s =

Biased estimate: Rx(n) =

Autocovariance
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Spectrum Estimation o
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Periodogram: (direct approach)

SR (@) = 3 Rx(m)e ™ = - = L) (= abs2. (¢

Autocovariance Periodogram
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Spectrum Estimation , —
Bartlett QA | Frogiam i fople

Bartlett’s windowing procedure
Control variance but increase bi%s

§§ar(cu) = Z WP (n)Rx (n)e "<

n=-k
Autccovariance Spectral Estimates
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Spectrum Estimation
Maximum Entropy Spectral Analysis

Maximize “entropy”

T
E-= f
Subject to:
f S(w)e'™™ dw =
Gives
S(w) =

log S(w) dw
R(n) forn=0,1,....p
Here, {ax},_, arethe
o2 autoregressive coefficient
p -
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order p, i.e., they mini

N-p p-1

X+l — Za

Il
—_

n



Spectrum Estimation
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AR(p) process:
Xp=—a1Xp1+-—apXy_p+ep, e, iid.

To fit coefficients: » , 5
 Yule-Walker equations: {Cx(m}g & {ank,_, )

+ Levinson-Durbin Recursive: p = 1 P
+ Burg (again) '

a
All orders<p <{mmm C a? a?

Use info criterion to C ) )
choose p C : :
aPmax aPm.nx
5 1 2

. o, o .
S = Alw) =1 +Zak,pe_‘k‘”
k=1

X AP




Spectral Factorization and modeling JA, | Frommamin Appied

filters
Given m
N (w) = Cke_ikw, C

) k—Z—:m “Spectral factorization”

We can write . Feje_r-Rlesz theprem
Sx(w) = |L(w)]> == Levinson-Durbin
Kalman Filter

for
(1) L(w) = +Sx(w) ~ Z freike or

k=—m

If e is white noise with unit variance and Y = £ * e, then

m 2
Z fke—ikw
k_

(1 Sy(w) = Se(w)

~ |L(w)]* - 1 = Sx(w)




Spectral Factorization and modeling JA, | Frommamin Appied
filters
Given L, define W m
L Y (w)=W(w) ~ Z wie k@
k=0

Observe,
IW(w)* ~ [Sx(w)] ™

So,
Swex (@) = [W(w)]*Sx(w)

> Sx(w)/Sx(w) = 1

\
w 1s a whitening filte

Conveniently, given Bartlett estimate

k
S¥r(@)= ), W (mRx(n)e "

n=-k

can construct approximate modeling and whitening filters
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Iterated Whitening Spectral Analysis A

Motivating Example:
X ~ARMA(10,1) N = 104,
w1 = causal whitening filter from Parzen estimate m = 300

Yi=w =X .
=" Bartlett estimator has a
Power spectrum Iter. 1: 'whitened' power spectrum
10° + 10° —1
SErw)
10° 1 1071 §0ar(w) 90% Cl
g 100 - 10°
&
=3 ] =3
10 Sulw) 10
R gPar(w)
1075 o 1075
Sfar(() 90% ClI
-2 0 2 -2 0 2



Modeling filter Spectral Analysis A\ Program in Applied

Mathematics

What if we whiten again?

wy = causal whitening filter from Parzen estimate of Sy, (w)
Yo=wrs¥Y =wrxw xX

Iter. 1:; 'whitened' power spectrum Iter. 2: 'whitened' power spectrum
106 —1 106 1 —1
— W) — 56 (w)

10° 1 Srw) 90% C1 | 1071 552r(w) 90% CI
g 100 10°
[a]
a
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1076 1075 4

-2 0 2 -2 0 2



Modeling filter Spectral Analysis A\ Program in Applied

Mathematics

What if we whiten again?

w3 = causal whitening filter from Parzen estimate of Sy, (w)
Ya=w3xYo=wiysxwrsxw;*xX

Iter. 2: 'whitened' power spectrum Iter. 3: 'whitened' power spectrum
106 —1 10° 1 —1
g@fr(&)) §5§’(w )
10° §her(w) 90% €1 | 1071 5f2r(w) 90% Cl
g 100 10°
[o]
[= 1
1073 | 10-3 4
1074 1076 1




Iterated Whitening Spectral Analysis

Since 1= SW3*W2*W1*X(w)

then

Collect Modeling filters
£ ¢ and ¢
here

L (w) ZK(J) —ikw g

~ L3 (@) | Lo (@) 2Ly (@) Sx

Sx (@) = |L3 ()| L2 (@) P|L1 (w)* =:

A

SIW (L!))

IW spectral estimates

m— Sx(w)
Sr(w)

L1 (w)]?
|L1(w)?|L2{w)|?

L1 (W) |L2{w) |’ |Ls(w) ]
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Algorithm B, | e

Iteration 1 Iteration 2 -

108 105 108

Modeling filter .
spectral
estimate

Bartlett w2 102 10%4
estimate for
current process

Power
g5 e
L2
-
E e
=
5 =
! 1 5

-3 -2 -1 1] 1 2 3/—3 -2 -1 0 1 2 3/—3 -2 -1 0 1 2 3
Bartlett t §ow ‘ 7 ‘
10 0% 10t

estimate of
whitened ¢ |
process 104]




Algorithm
Estimate H Spectral
autocovariance Factorize
> w
Estimate H Spectral
autocovariance Factorize
> w
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Estimate
spectrum




Convergence
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Iterated whitening converges in finite steps

Bartlett captures top ~6 decades

* Whitening whitens accurate frequency range
» New range is ~ 6 decades less

* Floor goes below 1

1> 8 (w) = L) =W)|? = [Wwl>1

Swax(w) = |W((‘))| Si(w) > 8y (w)

Emanuel Parzen (1957):

Aparz 151 L
var(S%™ (w)) ~ 30N S%(w)  (w#0,£m)

bias(Sh" (w)) ~ —S;;.( )




Power
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Experiment Three methods

* Process know spectrum  Bartlett-Parzen

» Large dynamic range * MESA

N =1000 (time series * Pma=100

length) * Iterated Whitening
100 independent time + 10 iterations
series
Mean and 90% confidence interval for each estimator
True Spectrum and BP estimate True Spectrum and IW estimate True Spectrum and MESA estimate
104 10t w04
107 A
1073 102
109+
1077 1077
10 1071 107114
10734 10-15 10-15 1
1071 1071 4 107184 \
1074 1072 4 10724
107264 10 24 10-27 4 \-“_ _—
1 2 3 0 1 2 3 0 1 2 3
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* Both MESA, IW

approximate full Moe4an spectral estimates and 90% confidence intervals
dynamic range !

* MESA has
numerical issues at
top of large spectral
ranges 100

* Variance of IW less 100
than MESA top of 0.0
range, smoother
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Average of 100 sample times series

Spec. 1 Spec. 2 Spec. 3 low-
high-low low-high-low high

Bartlett- 8.55-104 7.82-104 7.02:104
Parzen sec sec sec
Iterated

Whitening 0.114 sec 0.114 sec 0.114 sec

MESA 0.00207 sec 0.00171 sec 0.00189 sec




Run time analysis 8, | P Al

Bartlett: |O(mNa?) |+0(d*NylogNy)
MESA: |0(p5uNd®) |+0(pmnNd*) + O (py,

IW. O(MmNd?) |+O(MmNsgd®)
+O(Md*NflogNys) +O(Md>Ny)

+ d dimension

M # of whitening iterations

°m lag window cutoff

* Prax # of Burg iterations in MESA

* Ng # iterations of spectral factorization algo
N # of points in frequency grid

* N length of time series (in steps)
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Conclusions and Future Work A

Conclusion
* IW is much more accurate than periodogram-
based estimators for spectra with large

dynamic range
¢ IW is more robust than MESA

« (noncausal) IW is simple to implement Acknowledge
More...Multichan * Kevin Lin,
* RTG at Ariz

e Control Variate mod-

F Uig e plcimation T h an k

 Further analysis on convergence
* Apply estimator to model reduction Reference
Can iterated whitening address similar ~ « 3. M., Kevin K. Li

difficulties in phase estimation? method for estip
scale spectra
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