§§§ ‘ Program in Applied
.| Mathematics

Spectral Factorization and Spectral Estimation using
Kalman Filtering

Jared McBride

Applied Mathematics
University of Arizona

October 15, 2021

McBride (Applied Mathematics@UA) CKMS Oct 15, 2021 1764



Outline

@ Definitions

© Estimation
o Examples

© Spectral Factorization
@ Examples

@ Sperctral Estimation (reprisal)
@ Whitening

© Conclusions

CKMS

§§§ Program in Applied
.| Mathematics

Oct 15, 2021

2/64



Deﬁnitions A‘ Program in Applied

Mathematics

Stochastic process: A family of random variables indexed by an index set
(discrete or continuous). E.g. X : QXR - C"or X : QxZ — C"
Timeseries: A (deterministic) realization of a stochastic process (discrete or
continuous) that is indexed by time. In this talk this is indexed over a finite set.
Eg. x:{1,2,...,N} - C”

Stationary stochastic process: (Sometimes called wide-sense stationary) A
stochastic process satisfying the following conditions:

EX; = u (no dependence on t)
E[(X; — u)(Xs —u)*] = Rx(t —s) (depends only on difference t — s)

Where the asterisks * denote the conjugate transpose.
Stationary timeseries: (Sometimes called wide-sense stationary) A
timeseries realization of a stationary stochastic process.

(These may be vector-valued. Timeseries of this type is often referred to as
multiple timeseries) A
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Definitions (naive systems analysis) SR, | Frogramin Applied

Mathematics

Signal: A stochastic process or a timeseries.

System: An operator. A function from a Hilbert space to a Hilbert space.
Linear time-invariant system: A linear time-invariant operator. It can be
show that in the contexts of Hilbert spaces these can be represented as integral
operators with kernel of one variable. So

[

L1212 isLITI Lx(t):/ x(s)h(t — s)ds

[Se]

or in discrete time

L:? 2 isLTT  Lx, = Z xch(n = k).

k=—00

Notice this is just a convolution.

z-series: Given a sequence a (bilaterally infinite) the z-series is the complex
function
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Program in Applied
Mathematics

Definitions (naive systems analysis) A

Impulse response of a system: The output of the system when the impulse
signal § = (...,0,1,0,...) is the input. Notice that this recovers the kernel.

Lén= > okh(n—k) = hy
Kk=—

Transfer function of an LTI system: The z-series of the impulse response of
a system
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) Program in Applied
Definitions A‘ Ma'tghematics

Covariance function: (Sometimes Covariance sequence in discrete time)
Given a stochastic process X it is the function

Rx(t,s) = E[(X; — 1) (Xs — 1)"]

(we are exclusively concerned with discrete-time stationary processes so we
have)

Rx(n,m) =E[(Xp — )Xo —)"] = Rx(n—-m) ~ nmeZ

Observe, in the vector case this is matrix valued.
Power spectrum: The Fourier series of the covariance sequence

Sx(w) = > Rx(kje ™

k=—00

z-spectrum: The z-series of the covariance sequence

Sx(2)= ) Rx(k)z*
k=—c0

A
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Definitions and properties .Z.R.).‘ Mathematics

Convolution: given two processes X and Y,

(Y% X)= (X*Y)n= D> ViKns
k=—co
Convolution theorem: The z-series of a convolution is the product of the

z-series -
(a % b)n(2) = &(2)b(2)

Spectrum of convolution: Suppose Y is stationary stochastic (disctrete-time)
process and r € £', then

Sray =1(2)Sy (2)7*(z7)

A
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Mean and Covariance Estimation A‘ program in Applied

We are given data, x,, forn=1,2,3,...,N

@ Assume it is be a realization of the discrete-time process X, or
observations of a continuous time process X;, .

@ Assume the process X, is stationary

How do we estimate u?
By virtue of stationary

How do we estimate Ry (n)?
Again, by virtue of stationary

N—
Rx(n) = E[(X, - 1) (Xo — )] Nan+,—ﬁ>(x,-—ﬂ)*=:ﬁx(n>
A
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Program in Applied
Mathematics

Spectrum Estimation (sample spectrum)  JA&,

How do we estimate Sx(w)? (assume X, is mean zero)
Peridogram: (direct approach)

Sx(w) = ) Rx(me™™
n
= Z % Z x,,+jxj*e_i"“’
n j
_ %Z Zxkxj*e—ikweijw
K J
1 Z Xke—ikw) (Z Xje—ijw)
k j

N
= %)A((a)))?(w)* = %l)?(w)|2 (= abs2. (£ft(x))/N)

Asymptotically unbiased but inconsistent (the variance does not vanish as N

gets large). A
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Program in Applied
.| Mathematics

Spectrum Estimation A

How do else we estimate Sy (w)?

Bartlett’s smoothing procedure cut up the timeseries into k blocks. And
approximate the peridogram S (cu) for each block of dataj =1,2,...,k.

59 (w)

M=

o 1
Sx(w) = A
=

This procedure allows us to control the variance, but at the expense of bias.
This procedure can be generalized.
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Spectrum Estimation A,

Program in Applied
Mathematics

General class of smoothed spectral estimators:

Bartlett: B
P _ 1 |n| e —inw
Sx(w) = p Z (1 - 7) Rx(n)e
n=—k
General:
N 1 = -
Sx(@) = 2, wmx(m)
with

(1 w()=1
@  wn)=w(-n)
(3) w(n)=0, |nl=k, k<N

w is called a windowing function.

A
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Program in Applied
Mathematics

Spectrum Estimation A,

Most common window functions,

Bartlett:
B 1- % |n| < k
w(n) =
0, |n| > k
Tukey:
1 (1+cosZ2), |n| <k
w(n) =42
0, |n| > k
Parzen:

n|

3
1—6(5)2+6(7) , Inl <k/2
= inf\
w(n) = 2(1—7), k/2 < |n| < k
0, |n| > k

A
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Program in Applied
Mathematics

Example 1: AR(2) Signal A,

Let us consider the stationary autoregressive process of order 2,
Yn=1(r1+r)Yn1—riraYn_o+ Up, forn > —oo
forri,r € {z : |z| < 1} and U, are i.i.d. standard normal random variables.
One way to compute the z-spectrum is as follows. Recognize,
(r*Y)h=Yy—(r1+r2)Yp1+rir2Yp2 = Uy,

r=(..,0,[1}=r +rarr0,...)
So that,
1=8y(2) = Sray) =1(2)Sy (2)P* (z7)
and
1 1
F(2)r*(z7) - (1=rnz Y1 =rz)Y(1 -rj2)(1 = r;2)

A
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Example 1: AR(2) Signal A’ Program in Applied

using DsP, PyPlot, FFTW
at = include("../../Tools/AnalysisToolbox.jl")

(SN Ny

rl = .5; r2 = -.8
r=[1, -{rl + r2}, ri*r2]
f(z) = sum(r[j]®*z~(1-j) for j=1:3)

[ I N I =9

2 N = 18°4
% fil = ZeroPoleGain(zeros(8),[r1,r2],1)
18 y = filt(fil,randn{N})

Sy _per = abs2.(fft(y))/N

I
(SN S

Sy_num = at.z_crossspect_dm(y,y;Nex = N)
Sy_ana = map(z -> 1/abs2(f(z)),exp.(2pi*im*({@:N-1)/N))

[+ I I -9

0 = 2pi*(@:N-1)/N

title("AR(2) process various spectra™)
semilogy(@,Sy_per, label = "Periodogram™)
semilogy(@,Sy_num, label = "Smoothed pericdogram"”)
semilogy(@,Sy_ana, "k--", label = "Truth")
¥label("frequency™); legend()
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-
£
-
Fi

McBride (Applied Mathematics@UA) CKMS Oct 15, 2021 14/64



Example 1: AR(2) Signal A‘ Program in Applied

AR(2) process various spectra

102
101 —
100 —
107! —

1072 4

1073 4 -
] —— Periodogram
—— Smoothed periodogram

10-4 4 ——- Truth
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Example 2: AR(10) Signal A’ Program in Applied

using DSP, PyPlot, FFTW, Polynomials
at = include("../../Tools/AnalysisToolbox.jl")

(IR

p =15
ri = 2*rand(p) .- 1

[, WY

ri = [e.81, ©.4, ©6.28, ©.35, ©.26, -9.93, -0.89, ©6.991, 0.84, -8.30]

ff = Polynomial([1])*prod(Polynomial([1, -ri]) for ri in ri)
r = coeffs(ff)

' @ WO 0o

a4
ZeroPoleGain(zeros(@),ri,1)
ilt(fil,randn(N))

-

AL

= abs2. (fft(y))/N
& = at.z_crossspect_dm(y,y;Nex = N)
Sy_ana = map(z -»> 1/abs2(ff(z)),exp.(2pi*im*(@:N-1)/N))

0 = 2pi*(@:N-1)/N

semilogy(@,Sy_per, label = "Pericdogram™)
semilogy(@,Sy_num, label = "Smoothed periodogram”)
semilogy(@,Sy_ana, "k--", label = "Truth")
title("AR(1@) process various spectra”); legend()

A
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Example 2: AR(10) Signal

AR(10) process various spectra

gég Program in Applied

.| Mathematics

107 | —— Periodogram
—— Smoothed periodogram
=== Truth
105 4
103 4
101 1
1071
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Example 2: AR(10) Signal

AR(10) process various spectra

5& Program in Applied
.| Mathematics

—— Periodogram
107 | —— Smoothed periodogram
=== Truth
10° 7
103 4
101 1
10-1 1
1073
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Example 2: AR(10) Signal A‘ Program in Applied

AR(10) process various spectra

—— Periodogram
107 1 —— Smoothed periodogram
=== Truth

105 -

107 1

101 -

1071

103 4

1075 A
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More Definitions A‘ program in Applied

A linear filter: A sequence of deterministic elements hp «, n, k > —oo that
operates on a signal by way of convolution.

Yn= (X * hn,-)n = Z hn,k «Xn—k = Z hn,n—k - Xk

k=—00 k=—00
Time-invariant: A filter is time-invariant when h, s has no dependence on n.
SO, hn,k = hk.

Recall, any LTI system can be represented by convolving the input signal with
the impulse response of the system.

Alternatively, an LTI system can be characterized by it’s transfer function.
Then the input-output relation can be described in the z-series (z-transform)
domain.

Y(z) = H2)X(2)
A
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Program in Applied
Mathematics

More Definitions A

Causal: A linear time-invariant filter is causal if it’s impulse response is
causal which means h, = 0 for kK < 0.

BIBO Stability: A LTI system is stable if given a bounded input the output of
the system is bounded.

Inverse: The inverse of an LTI system maps the output to the input.
Suggested by the alternative characterization above the we have

R(2) = ﬁf’(z)

A few facts:
@ A LTI system is BIBO stable if its impulse response hy is absolutely
summable. It’s transfer function H(z) converges on the unit circle.

o If a system is causal (and stable) and has a rational transfer function the
poles lie within the unit circle.

A
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More Definitions A‘ Matheratics

Mathematics

Minimum-phase: A linear time-invariant system H(z) is minimum-phase if
it and it’s inverse H(z)~" are both causal and stable.

This means if H(z) is rational all zeros and poles lie strictly with in the unit
circle.

Example:

o The system that takes in a white noise signal and outputs an MA(q)
process is causal it’s transfer function has no poles, but it is only causally
invertable (and therefore minimum-phase) if it’s zeros are within the th
unit circle.
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Program in Applied
Mathematics

More Definitions A

Standard state-space model: A model of the following form:

X1 = FiXi+ Gy,
Yi =HXi+v

where F; € C™", G; € C™™, and H; € CP*" are known matrices, and u = {u;},
v = {v;}, and Xj are variables with the following property

X
X\[J] (o 0 0 o0
E Ui Vj' =|0 0,6,/ S,(S,j 0
Vi 1j 0 S/*é"/ R,~6,-,~ 0

@ Y is the output (or observations).
@ X is the state variable.
@ u is the process (or plant) noise

@ v is the measurement noise. A
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More Definitions A‘ program in Applied

Kalman filtering: Given a process represented by a standard statespace
model, we may wish to estimate various quantities, usually the state variable.
Kalman filtering provides a theory for computing (recursively) the least linear
mean square estimators given observation {y1, ¥, . . ., y;}, given observations
of Y.

The heart of the issue is the computation of the innovations sequence

E; =Y, - E[Y|Yi-1,Yie2, ..., Y1l

One contribution of Kalman was to devise a recursion to compute the
innovations.
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Program in Applied
Mathematics

Kalman Filtering A

The Innovations Recursions [1, p. 317]

Consider the standard statespace model

{ X1 = FiXi + Gju; >0

Yi =HXi+v
The innovations process of Y can be recursively computed using the equations
Ei=Yi—Hi0;, 6o=0, Eo=Yo,
Ois1 = Fi0; + KpiEi, 12> 0,
where K, ; = (FiPiH; + GiS)R,}, Rei = R + H;P;H;, and

Piv1 = FiPiF] + GiQiG; — Kp iRe.iKp.i, Po = 1o

Here, P; = E)N(,-)N(i* where )N(,- =X;—6;. Whenm < n,p < nto go from E; to
E;,1 requires O(n®) operations.
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Kalman Filtering by Chadrasekhar-Kailath-Morf-Sidhu
(CKMS) Y

Program in Applied
Mathematics

It turns out that for time-invariant (constant) parameters (F; = F, H; = H,
G =G,Q =Q,R =R, and S; = S) a modified set of recursions wil achieve
the same as the Kalman recursions but with significantly less effort.
The key idea is that though P; is full rank 6P; := P;,1 — P; can have low rank.
(since the difference of Hermitian matrices is Hermitian) write

0P; = LiMiL}

rewrite recursions in in terms of L; and M;.

A
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Kalman Filtering CKM) A

Program in Applied
Mathematics

The Fast (CKMS) Kalman Recursions [1, p. 409]

The K, ; and Re ; from the Kalman recursion above can be recursively
computed by the following set of coupled recursions, fori > 0

Ko,i+1 = Ko,j — FLiR; | LTH*
List = FLj — Kp iR, JHL;
Re,is1 = Re,y — HLR, ] LT H*

ri =i

Kp,is1 = Ko — LTH* R JHL

The recursion is initialized as follows: Kp o = FIIgH* + GS and
Reo = R+ HIIpH*. Then factor get Lo and R, o

6Py = FTIoF* + GQG" — Ky 0R; oK, o — Tlo = —LoR; oL;
where Lo is n X @ and R, o is @ X @, nonsingular and Hermitian.

A 4
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Spectral Factorization A‘ Mathematics

Why factor the spectrum?
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Spectral Factorization
General A

Program in Applied
Mathematics

Wiener’s Matrix Spectral Factorization Theorem
If S : C — C99 gatisfies,
e SelL'(oD),
o logdetS € L'(0D), and
@ S(z) > 0 (positive definite) for (almost all) z € dD.

Then there exists matrix functions S*(z) and S™(z), such that
S (z) =S*(z7*) and

S(z) =S*(2)S ™ (2) for z € OD.

Furthermore, S* is is an outer analytic matrix function from the Hardy space
Ho.

A
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Spectral Factorization -
Program in Applied
More specific A Mathematics

More useful version of Spectral Factorization Theorem
If y is a mean zero, stationary, discrete time stochastic d-vector-valued process
that admits a rational z-spectrum Sy analytic on some annulus containing the
unit circle, and

Sy >0 everywhere on 0D.
Then there exists matrix functions S*(z) and S™(z), such

@ S*(z) is a d x d rational matrix function that is analytic on and inside the
unit circle,

o ST (z2)is analytic on and inside the unit circle.
@ S (2) =S*(z7) and
@ S(2) =S"(2)S (2).
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Program in Applied
Mathematics

Spectral Factorization (Numerical) A,

Most Numerical algorithms assume S(z) is rational and has the form of a
Laurent Polynomial meaning it may be written as

m
S(z) = Z ez withe, =c?,.

n=—m

If this is assumed it may be shown that
S*(2) = Z L,Z2" and S (2)= Z Lyz™"
n=1 n=1

(this is what we assume here) Algorithms that use Toeplitz matrices.
o Bauer

@ Schur
o Levinson-Durbin
Algorithms that use state-space formulations.
@ Riccati Equation
o Kalman Filter

° Chadrasekhar—Kailath—Morf—Sidh“CKMS)
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Spectral Factorization -
Program in Applied
By Chadrasekhar-Kailath-Morf-Sidhu (CKMS) A‘ Mathematics

Given Sy(z), Y, € C% for n > —co, (stationary discrete-time stochastic
process)

Sy(2)= ). Rv(mz ™",

Now, if the decay of the covariance is sufficiently fast it is reasonable to
truncate Sy (z) to a Laurent polynomial

Sy(2) = Z Ry(n)z™".

It is possible to construct [1, p. 488], Y, (finite state-spaces process) with

Sy(2) = Sy(2)

’ A
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Spectral Factorization

Program in Applied
By Chadrasekhar-Kailath-Morf-Sidhu (CKMS) A &

Mathematics

{ Xiv1 = FXi + Gy;

Y, =HX +u
provided that
I1 = FIIF* + GQG"
0 GS =N - FIIH*
/I 0 R = Ry (0) — HIIH*
F = | 0 € ¢mdxmd
. T = cov(X;, X;) = EX,X; (e mem)
/I 0
Ry (m)
— dxmd
H=(0 ... 0 l)eC Ry(m—1)
, N =
V. " "
5 u)(5)= (P S ;
] . Ry('l)
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Spectral Factorization -
Program in Applied
By Chadrasekhar-Kailath-Morf-Sidhu (CKMS) A‘ Mathematics

So, we have a time-invariant, stationary statespace model that
approximates the original process in the sense that the z-spectra are close.

With this finite, linear state-space model we can use the Kalman filter to
produce an innovations model that will correspond to a casual and causally
invertable model filter for the process Y, and therefore the inverse constitute
a whitening filter. The result is well know and we choose the following
representation [2, p. 335].

01 = FO; + Kej, 6o =0
Y,' =H0,~+e,-

where Ee,-e;‘ = Re,16ij7

Ki = (N - FZHY)R;! Rei = Ry[0] — HE,H", and

i

Diel = FZ,‘F* + KiR, /K/* Y= EQ,Q,*
A
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Spectral Factorization -
Program in Applied
By Chadrasekhar-Kailath-Morf-Sidhu (CKMS) A Mathematics

We want to consider this system in steady state, but will K;, Re ; converge?
Yes, this is a consequence of F being stable. And the limits can be
approximated using CKMS. Let K = lim; K, R = lim; R;,
9i+1 = FQ, + Ke,-
Y, =HO+e¢, Ee,-,eji“ = R(S,-,-

In our context this system may be represented as a convolution since

m
YVi=e+ Z Ki€i—1-mij = (£ * €);
=

where

£= (17KmaKm—19---,K1)

A
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Spectral Factorization

Program in Applied
By Chadrasekhar-Kailath-Morf-Sidhu (CKMS) A &

Mathematics

We have now a approximating MA(m) where the approximation is in the sense
of their z-spectra being close.
Observe that

Sy(2) = Seve(z) = L(2)Se(2)L*(z27F) = L(z)RL*(z7)

where L is the z-transform of ¢.

L(z) = Z bz 7k
k=1

And so, y
Sy(z) = Sy(2) = Sy(2) = L(z)RL"(z™")

provides a spectral factorization.

A
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Program in Applied
Mathematics

Example 1 (again): AR(2) Signal A

Let us again consider the stationary autoregressive process of order 2,
Yn:(f1+f2)yn_1 —riroYp—o + Uy, forn > —o0
forry,ro € {z : |z| < 1} and U,, are i.i.d. standard normal random variables.

We already computed the z-spectrum. as follows

1

) = AN (T (- o)

Lets compute the spectral factor.

1 X n_—n S n_—n

observe that L(z)L(z™*) = Sy(z) and that L(z) is minimum-phase.
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Example 1: AR(2) Signal A’ Program in Applied

mr = include("../../Tools/WFMR.F1")

2 Nex = 184

3 A = at.my_smoothed_autocov(reshape(y,1,:); L = 280)

4 £ = mr.spectfact_matrix_CKMS(reshape(A,1,1,:))[1][:]
6 L_ckms = at.transferfun(f;Nex)

7 L_ana = map(z -> 1/f(z),exp.(2m*im*(@:Nex-1)/Nex))

2 © = 2m*(@:Nex-1)/Nex

18 figsize = (12,4)

11 figure(;figsize); suptitle("AR(2) process spectral factor")
12 subplot(121); title("Real part"); xlabel("Frequency”)
13 plot(e,real(L_ckms), label = "CKMS")

14 plot(e,real(L_ana), "k--",label = "Analytic")

legend()

subplot(122); title("Imaginary part"); xlabel("Fregquency™)
7 plot(®,imag(L_ckms),label = "CKMS™)

18 plot(e,imag(L_ana), "k--",label = "Analytic")

legend()

o

o

=}

A
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Example 1: AR(2) Signal

AR(2) process spectral factor

Real part Imaginary part
3.5 A — CKMS 15 — CKMS
—-—- Analytic . ——- Analytic
1.0
0.5
0.0
054
104
154
3 4 5 6
Frequency Frequency
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Example 1: AR(2) Signal

McBride (

=

S IV I - UV )

0 = 2pi*(@:N-1)/N

title("AR(2) process various spectra™)
semilogy(@,Sy_per, label = "Pericdogram™)
semilogy(@,Sy_num, label = "Smoothed Periodogram”)
semilogy(@,abs2.(L_ckms), "r", label = "CKMS (recoverad)™)
semilogy(@,Sy_ana, "k--", label = "Truth")
xlabel("frequency”); legend()

AR(2) process various spectra

5@ Program in Applied
.| Mathematics

10?

10! 4

100 4

1014

107 5

103 4

1074 5

—— Periodogram
—— Smoothed Periodogram
—— CKMS (recovered)
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Example 2 (again): AR(10) Signal R, | Frogram in Appled

Mathematics

AR(2) process spectral factor

Real part Imaginary part
| prm— . 2000 —
| 1 1500 1
30004 ! !
! 1000 -
2500 -
500 4
2000 -
0
1500 -
-500 -
1000 A
-1000 4
500 -
-1500 4
o
v TN ~2000 4
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Frequency Frequency
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Example 2: AR(10) Signal A’ Program in Applied

AR(10) process various spectra

—— Periodogram
74 .

10 —— Smoothed periodogram
—— CKMS (recovered)
==~ Truth

105 4

103 4

10! 4

1071 4

frequency
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. . Program in Applied
Whitening IR, | Frogram in A

Recall that spectral factorization algorithm produced a modeling filter L(Z2)
with impulse response €. This filter was minimum-phase.

L(2) L(z)7"
e—y y——e

The inverse of the modeling filter is a whitening filter.
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Program in Applied
.| Mathematics

A word about DFT A

For the DFT which is used frequently in this work I use ££t from FFTW.jl
which is a Julia wrapper for the FFTW library written in C.
Here is what it does:

N

Vi = £Ft(u)y = Zue 230 (j-1) (k-1)
j=1
19 2w
up = iff‘t(V)j = N Z vkeT(k_”(H)
k=1

Here is why I use it so much:
Suppose we have the function S(z) = Z/.'i 1 cjz‘("1) which we wish to evaluate

at N equally-spaced, unit-circle points zx = eW k=1 for k = 1,...,N. We
need only use fft to get

N
S(z) =) e~ W UKD = £t (c),.
A
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Whitening A‘ Program in Applied

Mathematics

So, given a causal finite impulse response (FIR) filter ¢, it’s transfer function
L(z) evaluated at Ny evenly distributed points on the unit circle is the array

L(z) :z=e?™/Nex for k = 0,. .., Nex — 1) =
fft([{;zeros(Nex-length(£))]1)

The first entry corresponds to L(1) and the points go counterclockwise.
So, to get an approximate inverse of an causal FIR a filter.

# Compute coefficients of spectral factorization of z-spect-pred
S~ = mr.spectfact_matrix_CKMS(R; € = tol_ckms, N_ckms)

Err = ST[2] ###
S = 57[1][:1] # the model filter ###
hom = 5-[1:M]

S~ = nfft »= par ? [57; zeros(eltype(S5~), nfft - par)] : S7[Llinfft]

fFEI(S™)  # z-spectrum of model filter
Sinv = (57)."-1

h_w = ifft(Sinv)[1:M];

A
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Example 1: AR(2) A‘ Program in Applied

Mathematics

Let us yet again consider the stationary autoregressive process of order 2,
Yn:(f1+l’2)yn_1 —riroYp_o + Up, forn > —o0

forri,ro € {z : |z| < 1} and U, are i.i.d. standard normal random variables.
Clearly, w = (1, —(ry + r2), ryr2) is a whitening filter. That is

(WxY)y =Yy —(r1+r2)Yp1+rir2Yn2="U,

whf = include("../../Tools/WhiteningFilters.j1")

w = real{ whf.get_whf(y;par = 38)[2] )
plot(w,”.-",label = "CKMS")

plot(r,"k.--", label = "Analytic™)

title("AR(2) whitening filter"); xlabel("lag"); legend()

A

McBride (Applied Mathema J CKMS

Oct 15, 2021 46/64



Example 1: AR(2) S, | Frogram in Applied

AR(2) whitening filter

1.0 A1 —— CKMS
-+- Analytic

0.8 1
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0.4 1
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0.0 A1 —r—t—a— ———

-0.2 5
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T

0 5 10 15 20 25 30
lag
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Example 1: AR(2) S, | Frogram in Applied

AR(2) Spectra of whitened data
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Mathematics

Example 2: AR(lO) A‘ Program in Applied

AR(10) whitening filter

3_
[l —— CKMS
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Example 2: AR(10) IR, | hrogram in Appled

AR(10) Spectra of whitened data

ck to scroll output; double click to hide |

079 1 Whitened CKMS
—— Original Smoothed Periodogram
=== Whitened Analytic

10° 1 === 0riginal Truth
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101 -
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Example 2: AR(10)

This did not work well.
Any suggestions?

Should I whiten again?

McBride (Applied Mathemati

CKMS

§§§ Program in Applied
.| Mathematics
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Program in Applied
Mathematics

Example 2: AR(10) Y

So, I whitened again.

Meaning I took the “whitened” processes as input and using the CKMS
spectral factoring algorithm a second time got a second whitening filter.
Let W denote the operator from the space of signals to their numerical
approximate causal FIR whitening filter, with a specified number of taps.

WIY] =w
y( = (w® xY) first whitenin
n = n g

w [ym] —w®

Y,gz) = (W(z) * Y(U) second whitening

n

= ((W(2) *w ) % Y)

n

Soletw = w®@ % w® A
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Example 2: AR(10) S, | Frogram in Applied

AR(10) twice iterated whitening filter
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Example 2: AR(10)

107

105

103

10!

1071

AR(10) Spectra of twice whitened data

gég Program in Applied
.| Mathematics
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—— Original Smoothed Periodogram
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=== 0Original Truth
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Example 2: AR(10) A‘ Program in Applied

Possible explanation: This is on going. There are details, features in the
spectrum of some processes that are not resolved by the smoothed
periodogram (which are used in the whitening algorithm), given limited
samples.

Those features seem to be in the data still.

When I whiten I clear out some of the distracting (more apparent features)
features and the heretofore hidden features are now accessible to the smoothed
periodogram estimate.
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EXample 3: KSE A‘ Program in Applied

Mathematics

I first saw this while trying to whiten a KSE solution.
The Kuromoto-Sivishinsky equation (KSE) can be written as follows
Ut + Uy + Uxy + Uxxxx =0
withu(x +L,t) = u(x,t) forall x € R and t > 0. And with u(x, 0) = g(x).
Now, we use a fourier series to rewrite the KSE is Fourier space. Doing so
gives
Ok = (g7 — g 0k - 9 Z Ueli—¢ )]
k — Yk 2 L

Here, gk = Z%k. Note the trick: uuy = 3 (u?)..

A
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. Program in Applied
Example 3: KSE /A

1 times filtered processes

Estimated Spectral density of whitened process Transfer functions of filter 1
10! 4 — CKMs
——- Cholesky
6000 4
1071
4000 4
1073 4
2000 4
1075
— CKMs 0
10-74 """ Cholesky
—— Original process
1073 1072 1071 10° 10! o 1 2 3 4 5 6
. i . 2 times filtered processes . )
Estimated Spectral density of whitened process Transfer functions of filter 2
10! 4000 — CKMs
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2000 4
-3 ]
1o 1000 4
1075 A B
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Example 3: KSE

§§§ Program in Applied
.| Mathematics

3 times filtered processes

Estimated Spectral density of whitened process

Transfer functions of filter 3

10-1 4
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1075 4

10-7 4

— CKMs /A
=== Cholesky b
—— Original process

— CKMS
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1073 1072 107! 100
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Transfer functions of filter 4

— CKMS
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. Program in Applied
Example 3 KSE A‘ Maﬁlematicsppl

5 times filtered processes

Estimated Spectral density of whitened process Transfer functions of filter 5
10! 4 — CKMs
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Example 3: KSE

§§§ Program in Applied
.| Mathematics

4 times filtered processes (direct)

Estimated Spectral density of whitened process

Transfer functions of filter 4

10 4 \ — CKMS
—-- Cholesky
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10°14
1000
1073 4
04
07 ! !
~1000 \ !
— CKMs \ ]
=== Ccholesky vy N
1077 ~2000 \ 7 w
—— Original process [
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. i ~ 5times filtered processes (direct) . )
Estimated Spectral density of whitened process Transfer functions of filter 5
_________ — CKMs
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1073 1072 1071 100 10! o 1 2 3 4 5 6
CKMS Oct 15, 2021

McBride

60/64



Mathematics

Spectrum estimation by a modeling filter ~ JA, | hogiam in Applied

Here is the plan

Algorithm 1 Direct Iterated Whitening

1: = = timeseries

2: wzx = timeseries
3
4
5

H = M = [1] (the identity filter)

. for 7 =1 to max number of iterations do

h,m = whitening filter and modeling filter (respectively) for wz discarding the first
i X M samples in the series to eliminate transients from the computation

H=H=xh

M=Mx*m

wr=Hx*z

- end for
- return M

Then take the master modeling filter and compute the absolute square of its
transfer function.

A
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Example 2: AR(10) SR, | Program in Applied

AR(10) process various spectra
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Example 2: AR(10) SR, | Program in Applied

AR(10) process various spectra

Periodogram

107 1 —— Smoothed periodogram
—— Model filter
=== Truth

105 4

103

1014

0 1 2 3 4 5 6
frequency

AR
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Thank you!

[§ Ali H Sayed and Thomas Kailath.
A survey of spectral factorization methods.
Numerical linear algebra with applications, 8(6-7):467—496, 2001.

ﬁ Thomas Kailath, Ali H Sayed, and Babak Hassibi.
Linear estimation.
Number BOOK. Prentice Hall, 2000.
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